In this paper we introduce the notions of regular and strongly regular intuitionistic fuzzy relations on hypergroupoids, studying some related properties and connections with the classical case. Then we investigate the lattice structure of these kinds of intuitionistic fuzzy equivalences.
Introduction
Connections between algebraic hyperstructures and binary relations or fuzzy relations have been established with the aim to obtain new sets with similar hyperoperations as the initial ones. The most well-known constructions of hypergroupoids from binary relations are those proposed by Rosenberg [22] , Corsini-Leoreanu [8, 9] , Spartalis [24, 25] , Cristea-Ştefȃnescu [10, 11, 12] , extended later to n-ary hypergroupoids by Davvaz, Leoreanu-Fotea [13] , or to actions of hyperstructures by Chvalina et al. [6] , or to topological hypergroups by Hoskova [17] . Feng [15] obtained fuzzy hypergroups from fuzzy relations, while Jančić-Rašović in [21] constructed hyperrings from fuzzy relations defined on a semigroup.
Hur et al. [18, 20] introduced the intuitionistic fuzzy equivalence relations on lattices and semigroups, studying their properties connected with the binary operations. Like in the classical case, an intuitionistic fuzzy equivalence compatible with the operations is called intuitionistic fuzzy congruence. This kind of relations represents an important tool to obtain classical algebraic structures from similar intuitionistic fuzzy structures, defining a suitable binary operation on the quotient structure obtained modulo the intuitionistic fuzzy congruence. Passing now to the algebraic hyperstructures (where the composition between two elements is a set, and not only an element like in a classical structure), the role of the congruences (classical or fuzzy) is played now by the regular relations (called also congruences by some authors, for example see [3] ). Continuing the work of Zhan [26] , where he defined and studied the fuzzy regular relations on hyperquasigroups, in this note we introduce the regular intuitionistic fuzzy relations on hypergroupoids. Even if the change of the terminology (with respect to Zhan's paper [26] ) could create some confusions, we prefer to do this here, since we study the regularity of the intuitionistic fuzzy relations, that permits to define regular intuitionistic fuzzy relations. Using this convention, the notion introduced in [26] would be regular fuzzy relation, and not fuzzy regular relation. After some characterizations of these type of intuitionistic fuzzy relations, we investigate also their lattice structure. In the last section, some conclusions summarizing the results and some future lines of research are discussed.
Preliminaries concerning intuitionistic fuzzy relations
In this section we recall some definitions from intuitionistic fuzzy relation theory and we fix the notations used in this paper.
Definition 2.1. [1, 2] An intuitionistic fuzzy set (shortly IFS) on a universe X is an object having the form
, called the degree of non-membership of x in A, verify, for any x ∈ X, the relation 0 ≤ µ A (x) + ν A (x) ≤ 1. The class of IFSs on a universe X will be denoted by IFS(X).
It is clear that an IFS can be considered as a fuzzy set whenever ν A (x) = 1 − µ A (x), for any x ∈ X, but conversely not. Definition 2.2. [1, 2] An intuitionistic fuzzy relation R (shortly IFR) from a universe X to a universe Y is an IFS in X × Y , i.e. a set by the form
Furthermore, the number π R (x, y) = 1 − µ R (x, y) − ν R (x, y), for (x, y) ∈ X × Y , is called the index of the element (x, y) in IFR R and it is described as a degree of hesitation whether x and y are in the relation R or not.
The class of IFRs from X to Y will be denoted by IFR(X × Y ) and the class of IFRs on X will be denoted by IFR(X).
The
In the following we mention some basic operations between IFRs. For more details see [5, 14] .
The family (IFR(X × Y ), ∪, ∩) is a complete, distributive lattice, with respect to the partially ordering . ii) Let R in IFR(X × Y ) and S in IFR(Y × Z). Then the composition between R and S is an IFR on X × Z defined as
Now we consider the IFRs defined on a set X. Definition 2.4. An IFR R on a set X is called an intuitionistic fuzzy equivalence relation (on short, IFER) on X if it satisfies the following conditions:
1. it is intuitionistic fuzzy reflexive: R(x, x) = (1, 0), for any x ∈ X; 2. it is intuitionistic fuzzy symmetric: R(x, y) = R(y, x), for any x, y ∈ X; 3. it is intuitionistic fuzzy transitive:
Let R be an IFER on X and let a ∈ X. The intuitionistic fuzzy set Ra in X defined by Ra(x) = R(a, x), for each x ∈ X, is called an intuitionistic fuzzy equivalence class of R containing a ∈ X. The set {Ra | a ∈ X} is called the intuitionistic fuzzy quotient set of X by R and it is denoted by X/R.
Similarly to the classic case, the intuitionistic fuzzy equivalence classes satisfy several basic properties. 4. There exists the onto application π :
for any x ∈ X.
Regularity of intuitionistic fuzzy relations on hypergroupoids
The congruences in a semigroup have been extended to regular and strongly regular relations in a hypergroupoid. They are used to obtain quotient semihypergroups and quotient semigroups, respectively. We recall here these classical notions from [7] . Let ρ be an equivalence relation on a hypergroupoid H. If A and B are non-empty subsets of H, we write AρB to denote that, for each a ∈ A, there exists b ∈ B such that aρb and, for each b ∈ B, there exists a ∈ A such that aρb. We write AρB if, for each a ∈ A and b ∈ B, one has aρb. Definition 3.1. An equivalence relation ρ on a hypergroupoid (H, •) is called regular to the right if, for every (x, y) ∈ H 2 , xρy implies that x • aρy • a, for each a ∈ H. The equivalence ρ is called strongly regular to the right if, for every (x, y) ∈ H 2 , xρy implies that x • aρy • a, for each a ∈ H. Similarly, the (strongly) regularity on the left is defined. A (strongly) regular relation to the right and to the left is called (strongly) regular relation.
The next result expresses the role of these kinds of equivalences in semihypergroups, where the associativity property holds.
Theorem 3.2. [7] Let (H, •) be a semihypergroup and ρ an equivalence on H.
1. If ρ is a regular relation, then a semihypergroup structure turns out to be defined on the quotient set H/ρ, with respect to the hyperproduct defined by ρ(x) * ρ(y) = {ρ(z) | z ∈ x • y}.
2. Conversely, if the previous hyperoperation is well-defined, and thus (H/ρ, * ) is a semihypergroup, then ρ is regular.
The fact that (H, •) is a semihypergroup (and not just a hypergroupoid) is essential in the proofs of above three statements.
Following the current trend to provide natural fuzzyfications of crisp concepts, like a theoretical method to deal with imprecision, vagueness, uncertainty, we define the regularity also for intuitionistic fuzzy equivalence relations on a hypergroupoid. Definition 3.3. An IFER R on a hypergroupoid (H, •) is said to be 1. intuitionistic fuzzy regular on the left if, for any x, y, z ∈ H, and for any
and, for any v ∈ z • y, there exists u ∈ z • x such that (R) holds.
2. intuitionistic fuzzy regular on the right if, for any x, y, z ∈ H, and, for any u ∈ x • z, there exists v ∈ y • z such that relation (R) holds, and for any v ∈ y • z, there exists u ∈ x • z such that relation (R) holds, too.
3. intuitionistic fuzzy regular, more exactly intuitionistic fuzzy totally regular if, for any x, y, z, t ∈ H, and for all u ∈ x • z, there exists v ∈ y • t such that
and, for all v ∈ y • z, there exists u ∈ x • z such that relation (RR) holds.
Remark 3.4. We can notice the difference between the two cases (crisp and intuitionistic fuzzy equivalences), that is the generality of the regularity property in the intuitionistic fuzzy case. More exactly, if R is an intuitionistic fuzzy relation regular on the left, then it satisfies also the property of a crisp relation regular on the left, i.e.: Rx = Ry implies that, for any z ∈ H and any u ∈ z • x, there exists v ∈ z • y such that Ru = Rv. The same property is valid also for intuitionistic fuzzy relation regular on the right, or just regular. Indeed, Rx = Ry is equivalent with µ R (x, y) = 1 and ν R (x, y) = 0. Since R is intuitionistic fuzzy regular on the left, it follows that, for any u ∈ z •x, there exists v ∈ z • y such that 1 = µ R (x, y) ≤ µ R (u, v) and 0 = ν R (x, y) ≥ ν R (u, v), i.e. µ R (u, v) = 1 and ν R (u, v) = 0. Thus Ru = Rv.
The connections between left, right and totally regularity are described here below. ii) R is intuitionistic fuzzy regular on the left and on the right.
Proof. Consider R a regular intuitionistic fuzzy relation on H. Let x, y, z ∈ H. Since R is intuitionistic fuzzy reflexive, it follows that R(z, z) = (1, 0), that is µ R (z, z) = 1 and ν R (z, z) = 0. According with the hypothesis, we get that, for
Thus, we proved that R is intuitionistic fuzzy regular on the right. Similarly, we can obtain that R is also intuitionistic fuzzy regular on the left.
Conversely, suppose that R is intuitionistic fuzzy regular on the left and on the right. Let x, y, z, t ∈ H. Then, for any u ∈ x • z, there exists w ∈ y • z such that µ R (x, y) ≤ µ R (u, w) and ν R (x, y) ≥ ν R (u, w). Now, for w ∈ y • z, there exists v ∈ y • t such that µ R (z, t) ≤ µ R (w, v) and ν R (z, t) ≥ ν R (w, v).
Thereby, since R is intuitionistic fuzzy transitive, it follows that, for any
, so R is intuitionistic fuzzy regular, too. 
2. intuitionistic fuzzy strongly regular on the right if, for any x, y, z ∈ H,
3. intuitionistic fuzzy strongly regular if, for any x, y, z, t ∈ H,
Similarly with Lemma 3.5, we obtain the following characterization.
Lemma 3.7. Let R be an IFER on a hypergroupoid (H, •). Then the following conditions are equivalent:
i) R is intuitionistic fuzzy strongly regular.
ii) R is intuitionistic fuzzy strongly regular on the left and on the right. 
Then ∆ is intuitionistic fuzzy regular on any quasihypergroup (H, •).
Indeed, let x, y, z, t be arbitrary elements in (H, •). If x = y, then µ R (x, y) = 1 and ν R (x, y) = 0. Moreover, if z = t, then µ R (z, t) = 1 and ν R (z, t) = 0. Thus, for any u ∈ x • z, there exists v = u ∈ y • t such that the relation (RR) in Definition 3.3 holds. If z = t, then µ R (z, t) = 0 and ν R (z, t) = 1; therefore
for any v ∈ y • t ( since H is a quasihypergroup, the hyperproduct y • t is always nonempty). Again the relation (RR) holds. Finally, if
What can we say about the strongly regularity of ∆? We know that ∆ is intuitionistic fuzzy strongly regular on any groupoid [19] , but not on any hypergroupoid, as we can see here below. If in the relation (SR) in Definition 3.6, we take x = y and z = t, we have to prove that 1 ≤ µ R (u, v), for any u, v ∈ x • z, which is false for u = v. So ∆ is not intuitionistic fuzzy strongly regular for any hypergroupoid. consider the IFER R defined as follows:
We show that R is not intuitionistic fuzzy regular on the left, and thus either on the right, since (H, •) is commutative. Take x = 1, y = 2 and z = 2. Then
Example 3.10. Consider now the same IFER R like in Example 3.9 on the quasihypergroup (H 2 , •) represented by the table:
It is not difficult to verify that R is intuitionistic fuzzy regular on the left, but not on the right. For example, taking x = 1, y = 3, and z = 1, for u = 2 ∈ 1 • 1 = x • z, there exists only one v = 3 ∈ z • 1 = y • z, for which we have µ R (x, y) = 0.7 and µ R (u, v) = 0.4. Therefore µ R (x, y) ≥ µ R (u, v), that is relation (R) in Definition 3.3 is not valid. Moreover, in a similar way, one can prove that R neither is intuitionistic fuzzy strongly regular on the left.
On the other side, the regular intuitionistic fuzzy relations on a hypergroupoid can be characterized by the meaning of the upper and lower α-cuts. First we recall their definitions from [4, 16, 23] . i) For any α ∈ [0, 1] and a fuzzy relation µ on a nonempty set X, the set
is called the upper α-cut of µ, and the set
ii) For any α, β ∈ [0, 1], α + β ≤ 1, and an IFR R = (µ R , ν R ) on X, the set
Now we are able to characterize the intuitionistic fuzzy (strongly) regularity of the intuitionistic fuzzy relations by the meaning of the (strongly) regularity of the associated cuts. Proof. i) Suppose that R is a regular intuitionistic fuzzy relation on a hypergroupoid (H, •). Let α, β ∈ [0, 1]. Accordingly with Theorem 3.6 [16] , the cuts U (µ R , α) and L(ν R , β) are equivalence relations on H.
We prove now that U (µ R , α) is regular on H. Take x, y ∈ H such that (x, y) ∈ U (µ R , α) and let a ∈ H. By the intuitionistic fuzzy regularity of R, for
Conversely, suppose that, for any α, β ∈ [0, 1], the cuts U (µ R , α) and L(ν R , β) are regular crisp relations on H. Again, accordingly with Theorem 3.6 [16] , R = (µ R , ν R ) is an IFER on H. It remains to prove that R is intuitionistic fuzzy regular on H.
Let x, y, z, t be arbitrary elements in H. Suppose that µ R (x, y) = s and µ R (z, t) = s . Take α = s∧s . Then (x, y), (z, t) ∈ U (µ R , α). By the regularity of the α-cut U (µ R , α), for any u ∈ x • z, there exists u ∈ y • z such that (u, u ) ∈ U (µ R , α). Then, for u ∈ y • z, there exists v ∈ y • t such that (u , v) ∈ U (µ R , α). Using the transitivity property of U (µ R , α), we obtain that, for any u ∈ x • z, there exists v ∈ y • t such that (u, v) ∈ U (µ R , α).
Similarly, using the regularity and transitivity property of the β-cut L(ν R , β), we obtain that, for any u ∈ x • z, there exists v ∈ y • t such that ν R (u, v) ≤ ν R (x, y) ∨ ν R (z, y), which completes the proof of the fact that the IFR R is intuitionistic fuzzy regular on H.
ii) The proof is similar to the previous case and it is based on Theorem 3.7 [4] , stating that R is IFER on H if and only if C α,β (R) is an equivalence on H, with 0 ≤ α, β ≤ 1 and α + β ≤ 1.
We conclude this section with two fundamental results, which are similar to Theorem 3.2 in the classical (crisp) case. Theorem 3.13. Let R be a regular intuitionistic fuzzy relation on a semihypergroup (H, •). Define the hyperoperation * on the quotient set H/R as follows: for any x, y ∈ H, For example, consider the IFER R on the quasihypergroup (H 2 , •) defined in Example 3.10. We have proven that R is not intuitionistic fuzzy regular on the right. Here we show that the induced hyperoperation * on the quotient set H/R introduced in Theorem 3.13 is well-defined. Taking x = 1 and x = 2, it follows that Rx = Rx (since µ R (1, 2) = 1 and ν R (1, 2) = 0). We need to prove that, for any y ∈ H, we obtain R1 * Ry = R2 * Ry and Ry * R1 = Ry * R2, for any y ∈ H. Set y = 1. Then R1 * R1 = R2 * R1 = R1 and R1 * R1 = R1 * R2 = R1. For y = 2, we get R1 * R2 = R2 * R2 = R1 and R2 * R1 = R2 * R2 = R1. Finally, for y = 3, it follows that R1 * R3 = R2 * R3 = {R1, R3} and R3 * R1 = R3 * R3 = R3. So, * is well-defined.
The following theorem connects (semi)hypergroups to (semi)groups through the intuitionistic fuzzy strongly regular relations. Proof. 1. It is enough to prove that, for any x, y ∈ H, we have |Rx * Ry| = 1, that is, for any z 1 , z 2 ∈ x•y, Rz 1 = Rz 2 . Indeed, since R is intuitionistic fuzzy strongly regular, for any z 1 , z 2 ∈ x • y, it follows that µ R (x, x) ∧ µ R (y, y) = 1 ≤ µ R (z 1 , z 2 ) and ν R (x, x) ∨ ν R (y, y) = 0 ≥ ν R (z 1 , z 2 ), which implies that R(z 1 , z 2 ) = (1, 0), that is Rz 1 = Rz 2 .
2. It follows immediately from 1.
4 Lattice structure of regular intuitionistic fuzzy relations on a hypergroupoid
The purpose of this section is to prove that the set of all intuitionistic fuzzy regular relations on a hypergroupoid forms a distributive lattice. For this, we use, firstly, some results regarding the intuitionistic fuzzy equivalences established by Hur et al. [18, 20] and by Basnet-Sarma [4] .
Proposition 4.1.
[4] If R and S are IFERs on a set X, then their intersection R ∩ S is an IFER on X, too.
The property to be IFER is conserved by the composition between IFRs under a certain condition, expressed in the next result. The case of the strongly regular intuitionistic fuzzy relations (which are representative only for the hyperstructures, since a regular and a strongly regular relation in a classical structure have the same meaning) will be discussed in a future work. Furthermore, extensions of these relations to the fuzzy hypergroupoids will be also investigated. In this case, starting from an equivalence relation defined on a fuzzy hypergroupoid, the notion of intuitionistic fuzzy (strongly) regular relation will be introduced.
